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Cooling rate dependence of the volume fraction of the quenched SkL state
To estimate the volume fraction of the quenched skyrmion state, we measured the SANS patterns in the H || ki-and H  ki-configurations at 12.5 K and 0.2 T with varying cooling rate, which was controlled in the same manner as in the previous Hall resistivity measurements (23) . Specifically, we fixed the maximum current at 300 mA. After applying the maximum current for 0.5 s, it was reduced at a given ramping rate. The cooling rate around 27 K, where the phase transition from the SkL phase to the conical phase takes place in magnetic field of 0.2 T in an equilibrium condition, was estimated from the time profile of the resistivity, as described in the main text. At the cooling rate of 5 K/s, the intensities of the conical and SkL states start to decrease and increase, respectively. This critical cooling rate (32), below which the SkL state cannot be quenched to low temperature, is consistent with that in the previous Hall resistivity measurements (23) . As the cooling rate increases, the intensity of the conical state gradually decreases, and reaches half the intensity to that which could be achieved at the highest cooling rate (100 K/s) in the present experiments. We thus conclude that the volume fraction of the quenched skyrmion sate was approximately 50%. The residual conical state is ascribed to inhomogeneity in thermal conduction and limitation of the cooling speed.
Note that several data points are plotted very close to each other at around 100 K/s. This is because the cooling rate was no longer improved by changing the slope of the current pulse (probably due to the relatively large volume of the sample as compared to that used in the previous Hall resistivity measurements). This also demonstrates that the quenching process was reproducible.
We also performed preliminary resistivity measurements with electric current pulses under several directions of magnetic field. However, the quenched SkL state was observed only under magnetic field nearly parallel to the 001 direction, in a cooling-rate range of up to 100 K/s. This implies that the critical cooling rate and stability of the quenched skyrmion state are sensitive to the magnetocrystalline anisotropy arising from the underlying chemical lattice.
Azimuthal angle profiles measured in the H ⊥ ki configuration Figure S2 , A to D show azimuthal angle profiles measured in the H  ki-configuration at 1.5 K.
As the magnetic field decreased after quenching, the q-vector of the residual conical order deviates from the [001] direction, and moves toward 111 directions. This indicates that the conical order transformed into the helical order in the same manner as the phase transition in the equilibrium condition. Note that the peak positions are not symmetric, specifically, the peaks at around 130 and 310 degrees are slightly deviated from the 111 directions. This may be ascribed to a remnant magnetic field of the superconducting magnet and/or field hysteresis of the q-vector.
Magnetic field and temperature dependence of the quenched SkL states
In addition to the field dependence at 1.5 K shown in the main text, we measured the magnetic field dependence of the SANS patterns of the quenched SkL state at 12.5, and 20 K in the H || kiconfiguration. Figure S3, A and B show the field variation of the integrated intensity and magnitude of the q-vector of the quenched SkL state. Before each measurement, we applied the same current pulse as described in the main text, in a magnetic field of 0.2 T at the measuring temperature. We define the critical field between the quenched triangular SkL state and the other states as the field at which the integrated intensity of the triangular SkL becomes half of its maximum.
We also measured the temperature dependence of the integrated intensity of the square SkL state in the H || ki-configuration; specifically, we applied the current pulse at 12.5 K and 0.2 T, and then cooled the sample to 1.5 K in the magnetic field of 0.2 T. After removing the field at 1.5 K, we measured the SANS patterns on heating. Figure S3C shows the integrated intensity as a function of temperature. We found that the square SkL state readily disappears with increasing temperature. This indicates that the lifetime of the metastable square SkL is shorter than that of the triangular SkL, implying that the topological protection of the square SkL is relatively weak as compared to that of the triangular SkL under applied magnetic field. Figure S3D shows the time dependence of the integrated intensity of the square SkL state measured at 1.5 K in zero magnetic field. Although the intensity is slowly decreasing at 1.5 K, it remains about 85% of the initial value after 2000 sec, which is sufficiently longer than the measuring time for the temperature scan (about 300 sec for each temperature). 
